Rules for integrands of the form (a +bTan[e + fx])" (c +dTan[e + fx])" (A+BTan[e + fx] +CTan[e + f x]?)

0: j(a+bTan[e+fx])"' (c+dTan[e+-Fx:|)n (A+BTan[e+-Fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A Ab2-abB+a%2C==0

Derivation: Algebraic simplification

Basis: If Ab2 -~ abB+a2C ==0,thenA +Bz +Cz2 - (2:bz) <btl)327a C+bC2z)

Rule:iff bc-ad+0© A Ab?2-abB+a%C == 9, then
J(a+bTan[e+-Fx])'"(c+dTan[e+fx])"(A+BTan[e+-Fx]+CTan[e+-Fx]2) dx —

%J(a+bTan[e+fX])m+1 (c+dTan[e+-Fx])n (bB-aC+bCTan[e+fx]) dx

Program code:

Int[(a_.+b_.+tan[e_.+f_.xx_] ) m_.(c_.+d_.+tan[e_.+f_.xx_])"n_.(A_.+B_.xtan[e_.+f_.»x_]+C_.xtan[e_.+f_.»x_]*2),x_Symbol] :=
1/b"2+Int[ (a+bxTan[e+fxx])~ (m+1) x (c+dxTan[e+fxx]) nx (bxB-axC+bxCxTan[e+fxx]),x]| /;
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x] && NeQ[bxc-axd,0] && EqQ[Axb"2-axbxB+a"2xC,0]

Int[(a_.+b_.«tan[e_.+f_.*x_] ) m_.x(c_.+d_.+tan[e_.+f_.xx_])"n_.(A_.+C_.xtan[e_.+f_.»x_]"2),x_Symbol] :=
-C/b"2xInt [ (a+bxTan[e+fxx]|)~ (m+1) « (c+dxTan[e+fxx] ) n« (a-bxTan[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,C,m,n},x]| && NeQ[bxc-a+d,0] && EqQ[Axb"2+a"2xC,0]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

1: j(a+bTan[e+fx])'" (c+dTan[e+fx])" (A+ATan[e+-Fx]2) dx

Derivation: Integration by substitution
Basis:F[Tan[e+ fx]] (A+ATan[e+fx]?) = 2 Subst[F[x], x, Tan[e + fx]] oxTan[e + f x]

Rule:

J(a+bTan[e+fx])m (c+dTan[e+fx])" (A+ATan[e+-Fx]2) dx — %Subst[J(a+bx)’" (c+dx)"dx, x, Tan[e+fx]]

Program code:

Int[(a_.+b_.xtan[e_.+f_.xx_]) m_.x(c_.+d_.stan[e_.+f_.«x_])"n_.#(A_+C_.stan[e_.+f_.xx_]~2),x_Symbol] :=
A/fxSubst [Int[ (a+bxx)*m« (c+d*x)*n,x],x,Tan[e+f*x]] /;
FreeQ[{a,b,c,d,e,f,A,C,m,n},x]| && EqQ[A,C]

2. j(a+bTan[e+fx]) (c+dTan[e+-Fx])" (A+BTan[e+-Fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A c2+d*>#0

1: J(a+bTan[e+fx]) (c+dTan[e+fx])" (A+BTan[e+-Fx] +CTan[e+fx]2) dx whenbc-ad#0 A c2+d?#0 A n<-1

Derivation: Algebraic expansion, nondegenerate tangent recurrence 1c with
c->1,d-»0, A>c,B->d, C->0, n-> 0, p- 0andalgebraic simplification

c2C-Bcd+Ad®> (c+dz) (cC-Bd-Cdz)
d? d?

Basis:A+ Bz + Cz2 =

Rule:lf bc-ad+0 A c?+d*>+0 A n<-1,then

j(a+bTan[e+fx]) (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+fx]?) dx —

c2C-Bcd+Ad?

p J(a+bTan[e+fx]) (c+dTan[e+fx])"dlx—dizj-(a+bTan[e+-Fx]) (c+dTan[e+-Fx])n+1 (cC—Bd—CdTan[e+-Fx])dlx —



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

(bc-ad) (c2C-Bcd+Ad?) (c+dTan[e+1‘=x])ml 1

- + j(c+dTan[e+fx])"+1-

d?>f (n+1) (c2+d2) d (c2+d2)
(ad (Ac-cC+Bd) +b (c?C-Bcd+Ad®’) +d (Abc+aBc-bcC-aAd+bBd+acCd) Tan[e+fx] +bC (c?+d?) Tan[e+fx]2) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_])(c_.+d_.«tan[e_.+f_.xx_])"n_« (A_.+B_.xtan[e_.+f_.#x_]+C_.xtan[e_.+Ff_.«x_]~2),x_Symbol] :=
- (bxc-axd) x (c*2xC-BxCcxd+Axd"2) (c+d*Tan [e+'F*x] )" (n+1)/(d"2*f* (n+1) x (c”~2+d”2) ) +
1/ (dx (c*2+d"2)) #Int [ (c+d«Tan[e+fxx] )" (n+1) *
Simp [a*d* (Axc-cxC+Bxd) +bx (c*2xC-BxCxd+Axd”*2) +dx (Axbxc+axBxc-bxcxC-axAxd+bxBxd+axCxd) xTan [e+'F*X] +b*Cx (c*2+d”2) xTan [e+'F*X] "2,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,B,C},x| & NeQ[bxc-a+d,0] & NeQ[c 2+d"2,0] && LtQ[n,-1]

Int[(a_.+b_.«tan[e_.+f_.#x_])(c_.+d_.+tan[e_.+f_.xx_])"n_»(A_.+C_.vtan[e_.+f_.»x_]~2),x_Symbol] :=
- (bxc-axd) x (c*2xC+A%xd"2) % (c+d*Tan [e+f*x] )" (n+1)/(d"2*f* (n+1) * (c*2+d”2) ) +
1/ (dx (c*2+d"2)) #Int [ (c+d«Tan[e+fxx] )" (n+1) *
Simp [a*d* (Axc-c*C) +bx (c*2%xC+Axd”*2) +d* (Axbxc-bxcxC-axAxd+a*Cxd) xTan [e+f*x] +b*Cx (c*2+d”2) xTan [e+'F*x] "Z,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,C},x| & NeQ[bxc-axd,0] & NeQ[c"2+d"2,0] && LtQ[n,-1]

2: J(a+bTan[e+fx]) (c+dTan[e+fx])" (A+BTan[e+-Fx] +CTan[e+fx]2) dx whenbc-ad#0 A c2+d*#0 A n¢-1

Derivation: Algebraic expansion, nondegenerate tangent recurrence 1b with
c->0,d->1, Abac,B-bc+ad, C>bd, m>1+m, n- 0, p- 0andalgebraic simplification

C (c+dz)? c2C-Ad?+d (2cC-Bd) z
d2 - d2

Basis:A+Bz + Cz2 =

Rule:if bc-ad+0 A c?2+d?>+0 A n<¢ -1,then

f(a+bTan[e+fx]) (c+dTan[e+fx])" (A+BTan[e+ fx] +CTan[e+-Fx]2) dx —

dc—zj(a+bTan[e+-Fx]) (c+dTan[e+-Fx])"+2d1x—:Tj(a+bTan[e+fx]) (c+dTan[e+fx])" (?C-Ad*+d (2cC-Bd) Tan[e+fx]) dx —



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

bCTan[e+-Fx] (c+dTan[e+1=x])n+1 1

- J(c+dTan[e+-Fx])"-
df (n+2) d (n+2)

(bcc-aAd(n+2)-(Ab+aB-bC)d(n+2)Tmﬂe+fx]-(aCd(n+2)-b(cc-Bd(n+2n)Tmﬂe+fxr)dx

Program code:

Int[(a_+b_.xtan[e_.+f_.»x_])*(c_.+d_.»tan[e_.+f_.xx_]) n_.#(A_.+B_.stan[e_.+f_.xx_]+C_.»tan[e_.+f_.+x_]~2),x_Symbol] :=
bxCxTan [e+'F*X] * (c+d*Tan [e+'F*X] )" (n+1)/(d*f* (n+2) ) -
1/ (d* (n+2)) *Int [ (c+d*Tan [e+'F*x] ) Anx
Simp[b*c*C—a*A*d*(n+2)—(A*b+a*B—b*C)*d*(n+2)*Tan[e+f*x]—(a*C*d*(n+2)—b*(c*C—B*d*(n+2)))*Tan[e+f*x]“2,x],x] /5
FreeQ[{a,b,c,d,e,f,A,B,C,n},x] && NeQ[bxc-axd,0] && NeQ[c"2+d"2,0] && Not[LtQ[n,-1]]

Int[(a_+b_.xtan[e_.+f_.»x_])*(c_.+d_.xtan[e_.+f_.*x_]) n_.#(A_.+C_.xtan[e_.+f_.»x_]*2),x_Symbol] :=
bxCxTan [e+'F*X] * (c+d*Tan [e+f*x] )" (n+1)/(d*f* (n+2) ) -
1/ (d% (n+2)) »Int[ (c+dxTan[e+fxx]) n«
Simp [bxc*C-axAxd* (n+2) - (Axb-bxC) xdx (n+2) xTan[e+fxx] - (a*Cxdx (n+2) -bxc+C) xTan[e+fxx]"2,x],x] /;
FreeQ[{a,b,c,d,e,f,A,C,n},x] && NeQ[bxc-axd,0] & NeQ[c"2+d"2,0] & Not[LtQ[n,-1]]

3. j(a+bTan[e+fx])'" (c+dTan[e+-Fx])n (A+BTan[e+fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A a2+b%==0

1: J\(a+bTan[e+-Fx])m (c+dTan[e+1‘:x])n (A+BTan[e + fx| +CTan[e+-Fx]2) dx whenbc-ad#0 A a2+b%>==0 A m<0

Derivation: Algebraic expansion, singly degenerate tangent recurrence 2b withA - 1, B - @, p - @ and algebraic
simplification

Basis: If a® + b? == ,then A + Bz + C 2?2 == 2A:08-aC , [a:bz) (bB-aCsbClz)

Rule:if bc-ad+0 A a2+b?==0 A m< 0,then

~J-(a+bTan[e+1:x])'" (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+-Fx]2) dx —

Ab-aB-bC

N J.(a+bTan[e+-Fx])rn (c+dTan[e+-Fx])"dlx+:—2J‘(a+bTan[e+1=x])"'+1 (c+dTan[e+-Fx])" (bB—aC+bCTan[e+-Fx]) dx —



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

(aA+bB-acC) (a+bTan[e+fx])" (c+dTan[e+-Fx])n+1

+

2fm(bc-ad)

m[(a’fbhn[e;,fx])mﬂ (c+dTan[e+fx])"-

(b(c(A+C)ym-Bd(n+1)) +a(Bcm+Cd (n+1) -Ad (2m+n+1)) + (bCd (m-n-1) +Abd (m+n+1) +a (2cCm-Bd (m+n+1))) Tan[e + fx]) dx

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.#x_]) n_.»(A_.+B_.+tan[e_.+f_.#x_]+C_.+tan[e_.+f_.*x_]~2),x_Symbol] :=
(axA+bxB-axC) » (a+bxTan [e+fxx]) *m« (c+d+Tan[e+Ffxx] )~ (n+1) / (2xFxms (bxc-axd)) +
1/(2*a*m*(b*c—a*d))*Int[(a+b*Tan[e+f*x])A(m+1)*(c+d*Tan[e+f*x])An*

Simp [b* (c* (A+C) *m-Bxd* (n+1) ) +a* (BxCxm+Cxd* (n+1) —-Axd* (2xm+n+1) ) +
(b*Cxd* (m-n-1) +Axbxd* (m+n+1) +a* (2*xcxCxm-Bxd* (m+n+1)) ) xTan [e+f*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,C,n},x]| && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] & (LtQ[m,@] || EqQ[m+n+1,0])

Int[(a_+b_.xtan[e_.+f_.*x_])"m_x(c_.+d_.+tan[e_.+f_.#x_]) n_.» (A_.+C_.+tan[e_.+f_.xx_]"2),x_Symbol] :=
ax (A-C) * (a+b*Tan [e+'F*X] )"m* (c+d*Tan [e+'F*X] )" (n+1)/(2*f*m* (bxc-axd) ) +
1/ (2xaxmx (bxc-axd) ) xInt [ (a+b*Tan [e+'F*x] )" (m+1) % (c+d*Tan [e+f*x] ) Anx
Simp [b*C* (A+C) *m+ax (Cxdx (n+1) ~A*xdx (2xm+n+1) ) + (b*Cxd* (m-n-1) +Axbxd* (m+n+1) +2xaxc*Cxm) xTan [e+-F*x] ,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,C,n},x]| && NeQ[bxc-a+d,0] & EqQ[a~2+b"2,0] & (LtQ[m,0] || EqQ[m+n+1,0])

2. J‘(a+bTan[e+1:x])"I (c+dTan[e+1=x])n (A+BTan[e+fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A a2+b?>==0 Am¢0O

1: J(a+bTan[e+-Fx])"' (c+dTan[e+-Fx])" (A+BTan[e+-Fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A a2+b?>==0 Am£0@ An<-1Ac?>+d*>+0

Derivation: Algebraic expansion and singly degenerate tangent recurrence 1c withA -1, B—-0, p > 0

. 2 c_ 2 _ _
Basis:A+ Bz +Cz2 - ¢ C Bdczd+Ad _ (c+dz) (chzBd Cdz)

Rule:if bc-ad+0@ A a?+b?2==0 Am¢«0O An<-1A c?+d? #0,then

j(a+bTan[e+fx])'" (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+'FX]2) dx —

c?C-Bcd+Ad?

1
7 j(a+bTan[e+-Fx])m (c+dTan[e+1“x])"d1x—d—2J‘(a+bTan[e+1‘:x])m (c+dTan[e+1‘x])n+1 (cc-Bd-cdTan[e+fx])dx —



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

(2C-Bcd+Ad?) (a+bTan[e+-Fx])"‘ (c+dTan[e+-Fx])"+1
df (n+1) (c2+d2)
1

a+bTan[e+fx])" (c+dTan[e+fx])™".
ad (n+1) (c+d?) J( [ D [ )

(b(c*C-Bcd+Ad’)m-ad(n+1) (Ac-cC+Bd)-a(d(Bc-Ad) (m+n+1) -C (c>m-d* (n+1))) Tan[e + fx]) dx

Program code:

Int[(a_+b_.xtan[e_.+f_.»x_])"m_.#(c_.+d_.xtan[e_.+f_.»x_]) n_(A_.+B_.+tan[e_.+f_.+x_]+C_.+tan[e_.+f_.+x_]~2),x_Symbol] :=
(c*2%xC-BxCxd+Axd” 2) % (a+b*Tan [e+'F*X] ) m* (c+d*Tan [e+'F*X] ) 2 (n+1)/(d*'F* (n+1) » (c*2+d”*2) ) -
1/ (axdx (n+1) * (c*2+d"2)) xInt [ (a+b*Tan [e+'F*x] )"m* (c+d*Tan [e+‘F*x] )" (n+1) =
Simp [b# (c"2#C-BxCxd+A*d"2) xm-a*dx (N+1) * (A*xC-CxC+Bxd) -a* (d# (B+C-Axd) » (M+n+1) -Cx (c 2xm-d"2x (n+1) ) ) xTan [e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f,A,B,C,m},x] & NeQ[bxc-axd,0] 8&& EqQ[a~2+b"2,0] && Not[LtQ[m,0]] && LtQ[n,-1] && NeQ[c 2+d"2,0]

Int[(a_+b_.xtan[e_.+f_.»x_]) m_.(c_.+d_.«tan[e_.+f_.#x_])"n_x(A_.+C_.xtan[e_.+f_.#x_]"2),x_Symbol] :=
(c”"2xC+Axd”"2) % (a+b*Tan [e+f*x] ) Amx (c+d*Tan [e+f*x] ) A (n+1)/(d*f* (n+1) % (c”2+d"2) ) -
1/ (axd= (n+1) * (c~2+d~2) ) +Int [ (a+bxTan[e+fxx]) ~mx (c+dxTan[e+Ffxx])~ (n+1)
Simp [b* (c"2xC+A%xd”2) ¥xm-axdx (n+1) * (Axc-c*C) -ax (-Axd”*2% (m+n+1) -Cx (c*2xm-d”2x (n+1)) ) *Tan [e+-F*x] ,x] _,X] /5
FreeQ[{a,b,c,d,e,f,A,C,m},x]| && NeQ[bxc-a+d,0] & EqQ[a~2+b"2,0] & Not[LtQ[m,0]] && LtQ[n,-1] && NeQ[c"2+d"2,0]

2: J(a+bTan[e+fx])"' (c+dTan[e+-Fx])" (A+BTan[e+-Fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A a2+b>==0 Am£O@ Am+n+1#0

Derivation: Algebraic expansion and singly degenerate tangent recurrence 2cwithA—-c, B-d, n->n+1, p—> 0

. 2 2 2
Basis:A+Bz+Cz2 == ¢ (C;SZ) 4 Ad=c C—dd(ZZCC—Bd) z

Rule:lf bc-ad+0 A a?+b2==0 Am«0© Am+n+1<+0,then

J(a+bTan[e+fx])m (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+fx]*) dx —

C 1
d—zj(a+bTan[e+fx])'" (c+dTan[e+fx])"+2d1x+;J(a+bTan[e+fX])m (c+dTan[e+fx])" (Ad*-c®C-d (2cC-Bd) Tan[e + fx]) dx —



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

C (a+bTan[e+-Fx])"I (c+dTan[e+-Fx])n+1

-
df (m+n+1)

1

—J‘(a+bTan[e+-Fx])m (c+dTan[e+fx])" (Abd (m+n+1) +C(acm-bd (n+1)) - (Cm (bc-ad) -bBd (m+n+1)) Tan[e + fx]) dx
bd (m+n+1)

Program code:

Int[(a_+b_.xtan[e_.+f_.*x_])"m_.#(c_.+d_.»tan[e_.+f_.»x_]) n_.+(A_.+B_.stan[e_.+f_.xx_]+C_.stan[e_.+f_.+x_]~2),x_Symbol] :=
Cx (a+b*Tan [e+f*x] )"m* (c+d*Tan [e+f*x] ) 2 (n+1)/(d*f* (m+n+1) ) +
1/ (bxdx (m+n+1)) xInt [ (a+b*Tan [e+f*x] ) Amx (c+d*Tan [e+f*x] ) Anx
Simp[A*b*d*(m+n+1)+C*(a*c*m-b*d*(n+1))—(C*m*(b*c—a*d)—b*B*d*(m+n+1))*Tan[e+f*x],x],x] /38
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x]| && NeQ[bxc-a+d,0] & EqQ[a"2+b"2,0] & Not[LtQ[m,0]] & NeQ[m+n+1,0]

Int[(a_+b_.xtan[e_.+f_.»x_]) m_.x(c_.+d_.+tan[e_.+Ff_.xx_])"n_.x(A_.+C_.xtan[e_.+f_.xx_]"2),x_Symbol] :=
Cx (a+b*Tan [e+f*x] )"m* (c+d*Tan [e+f*x] )" (n+1)/(d*f* (m+n+1) ) +
1/ (bxd* (m+n+1) ) *Int [ (a+b*Tan [e+-F*x] ) mx (c+d*Tan [e+-F*x] ) “n*
Simp [A*b*d* (m+n+1) +C% (a*xCxm-bxd* (n+1) ) —-Cxm* (bxc-axd) *Tan [e+-F*x] ,x] ,X] /5
FreeQ[{a,b,c,d,e,f,A,C,m,n},x]| && NeQ[bxc-a+d,0] && EqQ[a~2+b"2,0] & Not[LtQ[m,0]] && NeQ[m+n+1,0]

4. J(a+bTan[e+fx])"‘ (c+dTan[e+-Fx])n (A+BTan[e+-Fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A a2+b?#0 A c2+d?#0
1. J(a+bTan[e+fx])m (c+dTan[e+1‘x])n (A+BTan[e + fx| +CTan[e+-Fx]2) dx whenbc-ad#0 A a2+b?#0 A c2+d’#0 A m>0

1: J.(a+bTan[e+-Fx])m(c+dTan[e+-Fx])" (A+BTan[e+fx] +CTan[e+-Fx]2)dlx whenbc-ad#0 A a2+b?>#0 A c2+d?*#0 Am>0 A n<-1

Derivation: Nondegenerate tangent recurrence la withp — @

Rule:if bc-ad+0 A a?2+b2+0@ A c?2+d>#0 Am>0 A n< -1,then

J(a+bTan[e+fx])"' (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+fx]*) dx —

(Ad?>+c (cC-Bd)) (a+bTan[e+fx])" (c+dTan[e+-Fx])"+1

df (n+1) (c?+d?)
1

a+bTan[e+fx])™? (c+dTan[e+ fx])™".
d(n+1) (c2+d?) J( ' [e+ #x])™ (e [e+#x])



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

(Ad(bdm—ac (n+1)) + (cC-Bd) (bcm+ad (n+1)) -
d(n+1) ((A-C) (bc-ad) +B(ac+bd)) Tan[e+fx] -
b(d(Bc-Ad) (m+n+1) -C(c’m-d> (n+1))) Tan[e + fx]?) dx

Program code:

Int[(a_.+b_.*tan[e_.+f_.*x_])"m_*(c_.+d_.*tan[e_.+-F_.*x_])"n_* (A_.+B_.*tan[e_.+f_.*x_] +C_.*tan[e_.+f_.*x_]"2),X_Symbol] 5=
(A*dA2+C*(C*C-B*d))*(a+b*Tan[e+f*x])Am*(c+d*Tan[e+f*x])A(n+1)/(d*f*(n+1)*(cA2+dA2)) -
1/ (d* (n+1) = (c*2+d”2) ) xInt [ (a+b*Tan [e+-F*x] ) A(m-1) » (c+d*Tan [e+'F*X] )" (n+1)
Simp[A*d*(b*d*m-a*c*(n+1))+(C*C—B*d)*(b*c*m+a*d*(n+1)) -
d% (n+1) % ((A-C) » (bxc-a*d) +Bx (axC+bxd) ) xTan[e+fxx]| -
b*(d*(B*c—A*d)*(m+n+1)—C*(cAZ*m—dAZ*(n+1)))*Tan[e+f*x]A2,x],x] /5
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[bxc-a+d,0] & NeQ[a"2+b"2,0] & NeQ[c"2+d"2,0] && GtQ[m,0] & LtQ[n,-1]

Int[(a_.+b_.*tan[e_.+f_.xx_])"m_(c_.+d_.xtan[e_.+f_.#x_]) n_x(A_.+C_.+tan[e_.+f_.xx_]|"2),x_Symbol] :=
(Axd*2+c"24C) x (a+bxTan [e+fxx]) Amx (c+d«Tan[e+Ffxx] )~ (n+1) / (d#fx (n+1) x (c"2+d"2)) -
1/ (d% (n+1) » (c*2+d"2) ) *Int [ (a+bsTan[e+fxx] )" (m-1) « (c+d«Tan[e+fxx] )" (n+1) »
Simp[A*d*(b*d*m—a*c*(n+1))+C*C*(b*c*m+a*d*(n+1)) -
d*(n+1)*((A-C)*(b*c-a*d))*Tan[e+f*x] +
bx (Axd 2% (M+n+1) +C# (C 2xm-d"2# (n+1) ) ) »Tan[e+Fxx]~2,x],x] /;
FreeQ[{a,b,c,d,e,f,A,C},x] && NeQ[bxc-a+d,0] && NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & GtQ[m,0] && LtQ[n,-1]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

2: J~(a+bTan[e+-Fx])rn (c+dTan[e+-Fx])" (A+BTan[e+-Fx] +CTan[e+-Fx]2)dlx whenbc-ad#0 A a2+b?>#0 A c2+d*#0 Am>0 A n¢-1

Derivation: Nondegenerate tangent recurrence 1b withp — @

Rule:if bc-ad+0 A a?2+b2+0@ A c?2+d>#20 Am>0 A n ¢ -1,then

j(a+bTan[e+fx])m (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+fx]*) dx —

C(a+bTan[e+fx])" (c+dTan[e+fx])"*

+

df (m+n+1)
1

d(m+n+1)
(aAd(m+n+1)-C(bcm+ad(n+1))+d(Ab+aB-bC)(m+n+1)Tmﬂe+fx]-(Cm(bc-ad)-de(m+n+1))Tmﬂe+fxr)dx

j(a+bTan[e+-Fx])'"'1 (c+dTan[e+fx])"-

Program code:

Int[(a_.+b_.+tan[e_.+f_.xx_] ) m_.x(c_.+d_.«tan[e_.+f_.xx_])"n_« (A_.+B_.stan[e_.+f_.«x_]+C_.stan[e_.+f_.+x_]~2),x_Symbol] :=
Cx (a+b*Tan [e+f*x] ) mx (c+d*Tan [e+'F*X] ) 2 (n+1)/(d*f* (m+n+1) ) +
1/ (d* (m+n+1)) xInt [ (a+b*Tan [e+‘F*x] )" (m-1) % (c+d*Tan [e+f*x] ) Anx
Simp[a*A*d*(m+n+1)—C*(b*C*m+a*d*(n+1))+d*(A*b+a*B—b*C)*(m+n+1)*Tan[e+f*x]—(C*m*(b*c—a*d)—b*B*d*(m+n+1))*Tan[e+f*x]“2,x],x] /5
FreeQ[{a,b,c,d,e,f,A,B,C,n},x]| & NeQ[bxc-a+d,0] && NeQ[a"2+b"2,0] & NeQ[c"2+d"2,0] && GtQ[m,0] &&
Not[IGtQ[n,0] & (Not[IntegerQ[m]] || EGQ[c,0] && NeQ[a,0])]

Int[(a_.+b_.«tan[e_.+f_.*x_] ) m_.(c_.+d_.+tan[e_.+f_.xx_])"n_» (A_.+C_.»tan[e_.+f_.«x_]~2),x_Symbol] :=
C*(a+b*Tan[e+f*x])Am*(c+d*Tan[e+f*x])A(n+1)/(d*f*(m+n+1)) +
1/ (dx (m+n+1)) »Int[ (a+bxTan[e+fxx] )~ (m-1) » (c+d+Tan[e+Ffxx] ) ~nx
Simp [a*A*d* (m+n+1) -Cx (bxcxm+axdx (n+1) ) +d* (Axb-bxC) * (m+n+1) *Tan [e+'F*x] -Cxmx (bxc-axd) *Tan [e+'F*x] "Z,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,C,n},x]| && NeQ[bxc-a+d,0] & NeQ[a~2+b"2,0] && NeQ[c"2+d"2,0] && GtQ[m,0] &&
Not [IGtQ[n,0] && (Not[IntegerQ[m]] || EgqQ[c,0] && NeQ[a,0])]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

2: f(a+bTan[e+fx])"' (c+dTan[e+1=x])n (A+BTan[e+fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A a2 +b?2#0 A c2+d?#0 A m< -1

Derivation: Nondegenerate tangent recurrence 1c withp — @

Rule:if bc-ad+0 A a?2+b2+0 A c2+d?>+0 A m< -1,then

j(a+bTan[e+fx])m (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+fx]*) dx —

(Ab?>-a (bB-ac()) (a+bTan[e+-Fx])m+1 (c+dTan[e+1’x])n+1

+

f(m+1) (bc-ad) (a®+b?)
1

a+bTan[e+fx])™! (c+dTan[e+fx])"-
(m+1) (bc-ad) (a2+bz) J( * [ + ]) ( + [ + ])

(A(a(bc-ad) (m+1) -b’d (m+n+2))+ (bB-aC) (bc(m+1) +ad (n+1)) -
(m+1) (bc-ad) (Ab-aB-bC) Tan[e+fx] -
d (Ab*-a (bB-aC)) (m+n+2) Tan[e+-Fx]2) dx

Program code:

Int[(a_.+b_.xtan[e_.+f_.xx_]) m_x(c_.+d_.«tan[e_.+Ff_.*x_])~n_x(A_.+B_.«tan[e_.+f_.+x_]+C_.xtan[e_.+f_.+x_]"2),x_Symbol] :=
(Axb”2-ax (bxB-axC) ) * (a+b*Tan [e+'F*X] ) A(m+1) * (c+d*Tan [e+'F*x] )" (n+1)/(-F* (m+1) x (bxc-axd) x (a*2+b"2) ) +
1/ ((m+1) » (bxc-axd) * (a*2+b~2) ) +Int [ (a+bxTan[e+fxx]|)~ (m+1) « (c+dxTan[e+Ffxx] ) ~n«
Simp [A* (ax (bxc -axd) * (m+1) -b~2xd* (m+n+2) ) + (bxB-a*C) x (bxcx (m+1) +axd* (n+1)) -
(m+1) » (bxc-axd) » (Axb-axB-bxC) xTan [e+f*x] -
d* (Axb"2-a% (b#B-axC) ) » (m+n+2) xTan [e+fxx]|~2,x],x] /;
FreeQ[{a,b,c,d,e,f,A,B,C,n},x]| && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & LtQ[m,-1] &&
Not[ILtQ[n,-1] &% (Not[IntegerQ[m]] || EqQ[c,0] && NeQ[a,0])]

Int[(a_.+b_.«tan[e_.+f_.xx_] ) m_#(c_.+d_.»tan[e_.+f_.*x_]) n_x(A_.+C_.+tan[e_.+f_.xx_]"2),x_Symbol] :=
(Axb"2+a”2xC) * (a+b*Tan [e+f*x] ) A(m+l) » (c+d*Tan [e+f*x] ) & (n+1)/(f* (m+1) * (bxc-axd) * (a*2+b"2) ) +
1/ ((m+1) x (bxc-axd) x (a*2+b”2) ) xInt [ (a+b*Tan [e+'F*X] )" (m+1) % (c+d*Tan [e+'F*X] ) nx
Simp [A* (ax (bxc -axd) * (m+1) -b”"2xd* (m+n+2) ) —a*xCx (bxcx (m+1) +axd* (n+1)) -
(m+1) * (bxc-axd) * (Axb-bxC) *Tan [e+f*x] -
d+ (Axb*2+a”*2%C) » (m+n+2) xTan [e+-F*x] "Z,X] ,X] /5
FreeQ[{a,b,c,d,e,f,A,C,n},x]| && NeQ[bxc-a+d,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && LtQ[m,-1] &&
Not [ILtQ[n,-1] &&% (Not[IntegerQ[m]] || EqQ[c,0] && NeQ[a,0])]
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Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

3 J~(c+dTan[e+fX])" (A+BTan[e+ fx] +CTan[e+-Fx]2)

a+bTan[e+fx]

dx whenbc-ad#0 A a2+b%2#0 A c2+d*#0

] A+BTan[e+-Fx]+CTan[e+1‘=x]2
’ j(a+bTan[e+-Fx]) (c+dTan[e+-Fx])

Derivation: Algebraic expansion

A«Bz+Cz2  __ a(Ac-cC+Bd)+b (Bc-Ad+Cd) , (Ab*-abB+a’C) (b-az)

11

dx whenbc-ad#0 A a2+b?#0 A c2+d’#0 An0® Ang¢-1

(c2C-Bcd+Ad?) (d-cz)

Basis:

(a+bz) (c+dz) (a?+b?) (c2+d?) (bc-ad) (a?+b?) (a+bz)

Rule:if bc-ad+0 A a2+b?+0 A c?+d?+0,then

A+BTan[e+fx] +CTan[e+-Fx]2
J(a+bTan[e+fx]) (c+dTan[e+fx])
Ab%2-abB+a%C

(a(Ac-cC+Bd) +b (Bc-Ad+Cd)) x b-aTan[e+ fx]

c2C-Bcd+Ad?

(bc-ad) (c?+d?) (c+dz)

(a2 + bz) (c2 + dz)

Program code:

+ X -
(bc-ad) (a%+b?) ja+bTan[e+-Fx] (bc-ad) (c*+d?)

dx

Jd—cTan[e+fx]

c+dTan[e + fx]

Int[(A_.+B_.«tan[e_.+f_.+x_]+C_.xtan[e_.+f_.+x_]"2)/((a_+b_.+tan[e_.+Ff_.xx_])*(c_.+d_.xtan[e_.+f_.+x_])),x_Symbol] :=

(ax (Axc-c*C+Bxd) +b*x (Bxc-Axd+Cxd) ) *x/ ( (a”2+b”"2) » (c*2+d*2)) +

(Axb”2-axbxB+a”2xC) / ((bxc-axd) » (a*2+b”2) ) xInt [ (b—a*Tan [e+'F*X] )/(a+b*Tan [e+-F*x] ) ,X] -

(c”"2xC-Bxcxd+Axd”2) / ((bxc-axd) » (c*2+d”*2) ) xInt [ (d-c*Tan [e+f*x] )/(c+d*Tan [e+'F*x] ) ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[bxc-a+d,0] & NeQ[a"2+b"2,0] & NeQ[c"2+d"2,0]

Int[(A_.+C_.+tan[e_.+f_.xx_]"2)/((a_+b_.*tan[e_.+f_.xx_])*(c_.+d_.stan[e_.+f_.xx_])),x_Symbol] :=
(ax (Axc-c*C) -bx (Axd-Cxd) ) *x/ ( (a”2+b"2) x (c”2+d”2)) +
(Axb*2+a"2#C) / ((bxc-axd) » (a*2+b"2) ) xInt [ (b-a*Tan[e+fxx] )/ (a+bxTan [e+fxx]),x] -
(c”2xC+Axd”2) / ((bxc-axd) * (c*2+d"2) ) xInt [ (d—c*Tan [e+f*x] )/(c+d*Tan [e+f*x] ) ,x] /3
FreeQ[{a,b,c,d,e,f,A,C},x] & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

(c+dTan[e+-Fx])" (A+BTan[e+-Fx] +CTan[e+-Fx]2)
Z:J dx whenbc-ad#0 A a2+b>#0 A c2+d?’#0 An$0O Angt-1

a+bTan[e+-Fx]

Derivation: Algebraic expansion

Basis: A:Bz:Cz? __ bB:a(A-C)-(Ab-aB-bC)z (Ab2-abB+a’C) (1+22)
: a+bz aZ+b? (a?+b?) (a+bz)

Rule:lf bc-ad+0 A a2+b?220 A c?+d’+0 An#0O A nz-1,then

(c+dTan[e+-Fx])" (A+BTan[e + fx] +CTan[e+fx]2)
J. dx —

a+bTan[e+-Fx]
1

a + b?

J(c+dTan[e+fx])" (bB+a (A-C) + (aB-b (A-C)) Tan[e+ fx]) dx+

Ab2-abB+a2C J«(c+dTan[e+-Fx])" (1+Tan[e+fx]2)
dx

a2 +b? a+bTan[e+-Fx]

Program code:

Int[(c_.+d_.«tan[e_.+Ff_.+x_])~n_»(A_.+B_.«tan[e_.+f_.+x_]+C_.xtan[e_.+f_.«x_]2)/(a_.+b_.xtan[e_.+f_.*x_]),x_Symbol] :

1/ (a”2+b”2) xInt [ (c+d*Tan [e+'F*x] )"n*Simp [b*B+a* (A-C) + (axB-b* (A-C) ) xTan [e+'F*x] ,x] ,x] +
(Axb*2-axbxB+a2«C) / (a*2+b"2) xInt [ (c+d+Tan[e+f+x]) *nx (1+Tan[e+fxx]~2) /(a+bsTan[e+f+x]),x] /;
FreeQ[{a,b,c,d,e,f,A,B,C,n},x]| && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] & NeQ[c"2+d"2,0] && Not[GtQ[n,0]] && Not[LeQ[n,-1]]

Int[(c_.+d_.«tan[e_.+Ff_.+x_])~n_x(A_.+C_.«tan[e_.+f_.+x_]"2)/(a_.+b_.+tan[e_.+f_.xx_]),x_Symbol] :=

1/ (a2+b*2) »Int [ (c+dxTan[e+fxx])AnxSimp[ax (A-C) - (Axb-bxC) xTan [e+fxx],x],x] +

(Axb”2+a”2xC) / (a*2+b”2) xInt [ (c+d*Tan [e+'F*x] ) nx (1+Tan [e+'F*x] "2)/(a+b*Tan [e+'F*x] ) ,x] 78
FreeQ[{a,b,c,d,e,f,A,C,n},x]| && NeQ[bxc-a+d,0] & NeQ[a~2+b"2,0] && NeQ[c"2+d"2,0] && Not[GtQ[n,@]] && Not[LeQ[n,-1]]
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Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)+C tan(e+f x)"2)

4: J‘(a+bTan[e+1:x])"I (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+-Fx]2) dx whenbc-ad#0 A a2+b2#0 A c2+d*#0

Derivation: Integration by substitution
Basis: F [Tan[e + fx]] = 1 Subst| T}, x, Tan[e + fx]| oxTan[e + f x]

Rule:lf bc-ad+0 A a2+b2+0 A c?+d?+0,then

~J-(a+bTan[e+1=x])m (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+-Fx]2) dx —

1 (@a+bx)" (c+dx)" (A+Bx+Cx?)
—Subst[J dx, X, Tan[e+-Fx]]

1+x2

Program code:

Int[(a_.+b_.+tan[e_.+f_.+x_] ) m_«(c_.+d_.xtan[e_.+f_.»x_]) n_»(A_.+B_.+tan[e_.+f_.+x_]+C_.+tan[e_.+f_.+x_]~2),x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
ff/FxSubst [Int [ (a+bxffax) mx (c+dxffax)  ns (A+Baffax+Caffr24x"2) /(1+FF124x"2) ,x],x,Tan[e+Ffxx] /FF]] /;
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

Int[(a_.+b_.«tan[e_.+f_.xx_] ) m_#(c_.+d_.stan[e_.+f_.*x_]) n_x (A_.+C_.+tan[e_.+f_.xx_]"2),x_Symbol] :=
With[{ff=FreeFactors[Tan[e+fxx],x]},
'F'F/'F*Subst [Int [ (a+b*ff*x) Am* (c+d*ff*x) n* (A+C*f'F"2*x"2)/(1+ff"2*x"2) ,x] »X,Tan [e+'F*x]/‘F'F] ] /5
FreeQ[{a,b,c,d,e,f,A,C,m,n},x]| & NeQ[bxc-a+d,0] && NeQ[a"2+b"2,0] & NeQ[c"2+d"2,0]
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